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1. Introduction 
Let G be a nontrivial finite group and ZG its integral group ring. Consider a partial 
free ZG-resolution of the trivial module h. 
F:FdAF,_,+ ..+F,,+H+O 
where each Fi is a finitely generated free left HG-module. 
Definition. A (G, d)-module is any left ZG-module K, isomorphic to kernel 13~ for 
some partial free resolution of E. 
These modules arise in three familiar situations: 
(1) As the dth homotopy group of a finite complex whose fundamental group is G 
and whose universal cover is (d - l)-connected. The papers of Dyer and Sieradski 
[l, 21 investigate the homotopy classification of such complexes. 
(2) As augmentation ideals, i.e., the case d = 0. 
(3) As relation modules for a finite presentation of G; a subcase of the case d = 1. 
These last two examples have been studied extensively and one can consult the 
monograph by Gruenberg [3] for an excellent treatment of these subjects. 
In [5], the minimal number of generators for relation modules and augmentation 
ideas was computed for groups possessing a nilpotent normal subgroup of order 
relatively prime to its index. Here that calculation is extended to a large class of 
(G, d)-modules. There are three ingredients to the calculation. The first is the 
following theorem of Swan [8]. 
Theorem (Swan). Let K be a (G, d)-module where d is odd, zero, or where G does not 
have periodic cohomology of period d + 2. Then 
de(K) = &(Kci) = 2:~ &W/pK). 
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Here MG is M localized at the set of primes dividing the order of G and C&(M) is 
the minimal number of generators of M as a G-module. 
The second ingredient is a local formula for da(M) when k is a field. The third 
ingredient are the results of [5]. 
Let K, K’ be (G, &modules, then using Schanuels lemma, and the fact that EGG 
is a semi-local ring, the following are immediate. 
(1) The quantity 
is independent of the partial free resolution in which K appears as the kernel of ad. 
We denote this quantity by x(K), the Euler characteristic of K. 
(2) The quantity crd(G) = dc(Kc)-x(K), where K is any (G, &-module, is an 
invariant for G. 
2. The local formula 
Let k be a field and G a finite group. It is well known that kG-modules have 
projective covers and that they are unique up to isomorphism [4]. Denote by J the 
Jacobsen radical of kG. It is an immediate consequence of Nakayama’s lemma that if 
cp : ii4 + N is an epimorphism and ker Q c JM, then Q is an essential epimorphism. 
On the other hand, if one looks at a construction for a projective cover, see [4] for 
example, one sees that a projective cover is constructed with ker Q E J - P, and hence 
this is true for any projective cover. 
Let 
vo- JO k+O 
be a projective cover, 
Uidl-ker&+O 
a projective cover, and iterate. One obtains a partial projective resolution of k 
O~B-,Uda,~d-~~“‘-*Uo~k-,O 9 
where Lri + ker ai-1-f 0 is a projective cover. By the preceding remarks it follows that 
ker aj E J . Up Let A4 be an irreducible kG-module. The map 87 : HomG( Uj-1, M) + 
HomG(Uj, M) is zero for i B 1 since this factors as 
Homc(C&i, M)-, Homo(ker a,-1, M)+ Homo(Uj, M) 
and if f : V,-i --*A$ then fl ker aj_i = 0 as f(JUj-1) c JM and /A4 = (0) by Nakayama’s 
lemma, since A4 is irreducible. It follows that H’(G, M) = HomG( UT M), 0 si C d, 
and Hd”(G, M) = Homd(B, M). 
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Denote by sj(M) the number of occurrences of M in Ui/JUi, t(M) the number of 
occurrences of M in B/JB. Note that HomG( Uj, M) = HOmkG/,kG(Uj/JUi, M) since 
Homo(Uj, M)+Homo(JUi, M) is the zero map. The following lemma is now 
obvious. 
Lemma 1. (a) h’(G, MI =dimk H’(G, M) = s,(M) dimk Homo(A4, M), 
(b) h d+‘( G, M) = dimk Hdcl (G, M) = r(m) dim,, Homd(M, M). 
Let K be a (G, d)-module, i.e., there exists an exact sequence 0 + K + Fd -, F&i + 
* * * -* Fo-* E-, 0, where each Fi is a finitely generated free EG-module of rank fi. 
Tensoring with k preserves exactness, since all the groups above are torsion free. We 
obtain 
where Fi is kG free of rank ffi By Schanuels lemma, 
If v(M) is the number of occurrences of M in kK/J(kK) and T(M) is the number of 
occurrences of A4 in kG/J(kG), we see that 
t+f)+&(M)+$f-,(M)+* * ‘=t(M)+r(M)X(K)+Sd-I(M)+“‘, 
or equivalently 
4w 
--=X(K)+ 
f(M)-Sd(M)+Sd-l(M)-’ ’ ’ 
a4 T(M) 
(*> 
Since A4 = HomkG(kG, M) = HomkG(M, M)s(M), Lemma 1 implies 
t(M) hd+‘(G, M) -= sj(M) _ h’(G, M) 
T(M) diml,M ’ T@f) dimkA4 ’ 
If N is any kG module, it is not difficult to see that 
dkG (N) = 
number of occurrences of M in N/JN 
max 
’ M irreducible I[[ number of occurrences of M in kG/JkG III 
kG module 
where [[xl] denotes the smallest integer ax. (See [3, 7.121.) If we denote by es(M) 
the quantity x,!=, (-l)S-ih’(G, M), then we have proven the following theorem. 
Theorem 1. Let K be a (G, d)-module, and k a field; Then 
dko(kK)=,y(K)imax([[~]]~Man irreducible kG-module). 
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Remark. For the special case of augmentation ideals and relation modules, this 
result can be found implicitly in [6] and in an explicit form in [3, Section 7.31. 
3. Groups with a nilpotent nbrmal subgroup 
Let 1 + N + G + C? --, 1 be an exact sequence of groups with N nilpotent and the 
orders of N and Q relatively prime. IF, will denote the field of p elements. 
Definition. Let A be an If,@module, and rA(M) the number of occurrences of the 
irreducible module M in AIJA. Then we define 
otherwise. 
I.e., if s is even, PI(A) = 1 iff IF, appears in A/JA at least as much as the integer 
[[~~(WId~)ll, an d ‘f I s is odd, &(A) = -1 if and only if IF, appears in A/JA at least 
one more time than the integer [[rA(M)/~(M)]]. 
Theorem 2. Let 1 + N + G + Q + 1 be exact, with the orders of N and Q relatively 
prime and N nilpotent; then 
mctd(G) = yfi bfoff,Mi+~(N) +hf+r(~,&+,(N)), ad@- 
Proof. This is an immediate consequence of the local formula and the arguments of 
Dl. 
As a consequence of the theorem of Swan stated in the introduction and the above 
theorem, we obtain: 
Corollary 1. Let G be as above, and K a (G, d)-module such that d is odd, zero, or G 
does not have periodic cohomology of period d + 2; then 
dG(K) =x(K)+:,% {dolF,Hd+l(N)+Pd+l(lFpGd+,(N)r rd(Q)). 
Although the invariant ad(G) has only been defined for nontrivial G, it clearly 
makes sense for G ={l} and by counting ranks is seen to be (-l)d+‘. Using this 
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observation we immediately have: 
Corollary 2. Let N f { 1) be nilpotent; then 
[IIJ,~J W%+I(NJ) - 1,Ol d even, 
ad(N) = 
;,$jT {d(h+l(&))+ 1) dodd, 
where N, is the Sylow p-subgroup of N. 
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